Hadronic τ decay, the renormalization group, analiticity of the polarization operators and QCD parameters.
INTRODUCTION
The purpose of this work is to combine the analyticity requirements of QCD polarization operators with the renormalization group. This work is the continuation of works [1] [2] [3] . In the work [1] analytical properties of polarization operators were used to improve perturbation theory in QCD. In the works [2, 3] the high precision data on hadronic τ -decay obtained by the ALEPH [4] , OPAL [5] and CLEO [6] Collaborations were analyzed in the framework of QCD. The analyticity requirements of the QCD polarization operators follow from the microcausality and the unitarity therefore we have no doubts about them. On the other hand, the calculation according to renormgroup leads to appearance of nonphysical singularities. So, the one-loop calculation gives a nonphysical pole, while in the calculation in a larger number of loops the pole disappears, but a nonphysical cut appears. If one simply puts out the nonphysical cut and leaves the conventional value Λ 3 , then the discrepancy between the theory and experiment will arise. As will be shown, if instead of the conventional value Λ 3 one chooses the value Λ 3 = (1666 ± 7)MeV then only the physical cut contribution is enough to explain the experiment of the hadronic τ -decay. It is convenient to introduce the Adler function (11) (12) (13) instead of the polarization operator. The Adler function is an analytical function of q 2 in the whole complex q 2 plane with a cut along the positive q 2 semiaxes. We will use the renormgroup only for negative q 2 , where the value α s (q 2 ) is real and positive. For other q 2 the value α s (q 2 ) becomes complex.
The plan of the paper is the following. In Section 2 the formulae obtained in paper [3] are transformed to suitable for this paper form.
In Section 3 we obtain new sum rules for polarization operator which follow only from analytical properties of the polarization operator. These sum rules imply that there is an essential discrepancy between perturbation theory in QCD and the experiment in hadronic τ decay at conventional value of Λ 3 . The power corrections and instantons cannot eliminate this discrepancy. Section 4 suggests the method of resolving these discrepancies. At Λ 3 = (1666 ± 7)MeV the nonphysical cut gives no contribution into R τ,V +A and the physical cut gives the experimentally observed value R τ,V +A . The previously derived sum rules make no sense if Λ 3 is as large.
In Section 5 we go over to larger energies. In the matching procedure we require continuity of r(s) (Eq.(12)) [1] at masses J/ψ, Υ and 2m t when going over from n f to n f + 1 flavours. The number of flavours on the cut is a good quantum number. At every point off the cut all flavours give a contribution. This follows from the dispersion relation for the Adler function. The continuity requirement off the cut when changing the number of flavours violates analytical properties of the polarization operator. Section 6 presents the results of the calculations in two loops for estimation of the precision of the calculations in three loops. In Sections 7-9 we compare the theory with experiment. In Section 7 the prediction of the function R(s) is compared with experiments. The calculated values of the function R(s) are in a very good agreement with the experiment (Tables 3,4 ) at 2 ≤ √ s ≤ 47.6GeV except for the resonance region.
In Section 8 we compare the calculated values of α s (−3GeV 2 ) and α s (−2.5GeV 2 ) with the values α s (−3GeV 2 ) and α s (−2.5GeV 2 ) obtained from the Gross-Llewellyn-Smith sum rule [7] and the Bjorken sum rule [8] . The results of the calculations are in agreement with the values obtained from the experiment using these sum rules.
Section 9 presents the calculation of R l = Γ(Z→hadrons) Γ(Z→leptons) . The obtained value R l = 20.844 ± 0.026 does not contradict the experiment.
INITIAL FORMULAE
In this section the formulae obtained in the paper [3] are transformed to suitable for this paper form. Polarization operators of hadronic currents are defined by the formula
where
Imaginary parts Π
(1)
are connected with the measured, so called spectral functions v 1 (s), a 1 (s), a 0 (s) by the formulae
Functions Π
V /A are analytical functions of q 2 with the cuts [4m 2 π , ∞] for Π (1) V and [9m 2 π , ∞] for Π (1) A , a 0 (s) = 2π 2 f 2 π δ(s − m 2 π ), f π = 130.7MeV . To get QCD predictions let us use the renormalization group equation in 3-loop approximation [9] [10] 
Here n f is the number of flavours. Let us consider for the moment n f = 3 and omit the mark n f . Find singularities of a(q 2 ). Integrate equation (3) [3]
Denote the value q 2 at which a(q 2 ) = ∞ as −Λ 2 3 . Then we get instead of eq.5:
According to the known value a(−m 2 τ ) Λ 2 3 is determined by the formula
The integral in the formula (6) is taken and the answer is written as
At α s (−m 2 τ ) = 0.355 [3] we obtain Λ 2 3 = 0.394GeV 2 . The expansion of the function f (a) in the Taylor series at large a over 1/a is of the form
It follows from eqs.(6-9) that the singularity a(q 2 ) at q 2 → −Λ 2 3 has the form [3] a
Since for massless quarks the contributions of V and A coincide, we will omit in all formulae the mark J. Introduce the Adler function
It is convenient to write for three flavours D(q 2 ) = 3(1 + d(q 2 )), R(q 2 ) = 3(1 + r(q 2 )), Π(q 2 ) = 3(ln(−q 2 /µ 2 ) + p(q 2 ))
In 3-loop approximation for MS renormalization scheme function d(q 2 ) for negative q 2 is written as [11] :
where d
Hereafter we will follow [3] d(q 2 ) = −q 2 dp(q 2 ) dq 2 (15)
Using formula (3)
we get for the function p(q 2 ) the expression
After taking the integral (18) we get
The polarization operator is an analytical function with the cut [0, ∞]. The polarization operator calculated in 3-loop approximation has the physical cut 0 < q 2 < ∞ and nonphysical one −Λ 2 3 < q 2 < 0. The contribution of the physical cut in the value R S=0 τ,V +A is equal to (20) where |V ud | = 0.9735±0.0008 is the Cabibbo-Kobayashi-Maskawa matrix element [12] , S EW = 1.0194 ± 0.040 is the contribution of electroweak corrections [13] .
is a small correction from the pion pole [3] . The nonphysical cut contribution is equal to
The value measured in the experiment is
For the value R τ,V +A , the ALEPH [4] , OPAL [5] and CLEO [6] Collaborations had obtained
Here new value of R τ,s [14, 15] is taken into account.
The sum of the physical and nonphysical cut contributions equals to 3.483 and coincides with the measured value R τ,V +A (24) . The contribution of only one physical cut is insufficient to explain the experiment. The convenient way to calculate the R τ in QCD is to transform the integral in Eq.(23) to the integral over the contour in the complex s plane [16] [17] [18] [19] around the circle |s| = m 2 τ and thus getting a satisfactory agreement with the experiment. But the integral over the circle is equal to the sum of integrals on the physical and nonphysical cuts (proceeding from Cauchy theorem).
In refs. [4] R τ,V and R τ,A are measured separately.
The values R τ,V and R τ,A have been corrected taking into account papers [14, 15] .
In QCD one should have for massless u and d quarks
The results of the experiments (26, 27) contradict the formula (28). This contradiction was resolved in the paper [2] .
NEW SUM RULES FOR POLARIZATION OPER-ATORS.
To derive the sum rule, let us consider the integral over closed contour from the function
A (s), and W (s) is the weight analytical function, which will be chosen later. As a contour, we choose that which contains the upper and lower edges of the cut from s 1 to s 2 and of two circles with radii s 1 and s 2 . Let us choose the values s 1 = 0.6, 0.8, ...2GeV 2 and the values
The integral considered through Cauchy theorem is zero. It is does not contain the contribution of power corrections and nonphysical cut. As a weight function we choose
The sum of integrals over cut edges is 2i
This sum is equal to the sum of integrals with inverse sign over the circles, for which owing to that the weight function vanishes at the points s 1 and s 2 , one may take Π QCD (s) instead of the true value Π(s). Making use of the analytical properties of Π QCD (s), let us transform the sum of integrals over circles into the integral from ImΠ QCD (s) over the cut from s 1 to s 2 . Finally, we obtain the following sum rule
To compare QCD predictions with experiment, let us introduce the notations
where B = V, A, V + A. The results of the calculations of U B are given in Table 1 . for s 1 = 0.8GeV 2 , as an example The instanton contribution into Π
A (s) in the model considered in [3] is given by the formula (39) [3] :
K 1 is the Macdonald function. Introduce the notations
A (s))ds (33)
A,inst (s))ds
The results of L Exp and L inst calculations are given in Table 2 for n(ρ) = n 0 δ(ρ − ρ 0 ) ρ 0 = 1.7GeV −1 , n 0 = 1.5 · 10 −3 GeV 4 . 
NEW QCD PARAMETERS AND ELIMINATION OF CONTRADICTIONS
The integrand in (22) is sign-alternating if Λ 3 > mτ √ 2 . If agrees with experiment (24). If Λ 3 = 1.666GeV , s 1 must be larger than Λ 2 3 = 2.76GeV 2 and the sum rules (30) become meaningless. Only at s > Λ 2 3 (35) the perturbation theory in QCD is agreed eith experiment.
TRANSITIONS TO A LARGER NUMBER OF FLAVOURS
Let us introduce the notations
) , n f ≤ 5
(37)
2 = 1.013 The value a(q 2 ) is found by numerical solution of the equation
The function r(s) can be obtained with the help of Eqs. (19, 12) . In the process of motion to larger energies, the matching of r(q 2 ) at the masses m ψ , m Υ and 2m t was performed which results in Λ 4 = 1591MeV , Λ 5 = 795MeV , Λ 6 = 280MeV . The Adler function d(q 2 ) may be written in the form
is the contribution of the part of the cut with 3 flavours into Adler function. Similarly,
is the contribution of the part of the cut with 4 flavours into Adler function
is the contribution of the part of the cut with 5 flavours into Adler function
is the contribution of the part of the cut with 6 flavours into Adler function.
The number of flavours for r(q 2 ) on the cut is a certain number in contrast to the number of flavours at the point of the complex plane q 2 off the cut. Let us consider q 2 = −m 2 Z and find α s (−m 2 Z ). Return to formula (13) .The coefficients d 1 and d 2 in (13) are defined for a certain number of flavours. Introduce
Formula (13) is replaced by
The equation (49) The difference between the values of all of the quantities calculated in three and two loops determines the accuracy of the calculations.
COMPARISON OF THE CALCULATED VALUES R T (s) WITH THE MEASURED VALUES R E (s)
The value R T (s) is calculated by the formula
The results of the calculations of R(s) and the comparison of them with the experiments [21] [22] [23] [24] are presented in Table 3 . for 2 ≤ √ s ≤ 4.8GeV and for 12 ≤ √ s ≤ 46.6GeV in Table   4 . The calculated values of the function R(s) are in excellent agreemeent with the experiment except for the resonance region 3.7 ≤ √ s ≤ 4.4.GeV . But the accuracy of measurements of R(s) is not sufficient to define the value r(s) with good accuracy. Concluding, let us emphasize the main conclusion of this paper. It follows from experiments on hadronic decay of τ -lepton that there are only two values of Λ 3 , which give R τ,V +A , being in agreement with experiment: one -the coventional value (Λ 3 ) conv. = 628MeV (Λ 3 is defined by the formula (7)) and the other found in this given paper, Λ 3 = 1.666MeV . It follows from the sum rules obtained in the paper, that at (Λ 3 ) conv. that there is an essential disagreement between QCD perturbation theory and the ALEPH experiment. The power corrections and instantons cannot eliminate this disagreement. The formulae obtained and used in the present paper differ from conventional formulae. They follow from requirement of correct analyticity of polarization operators and renormgroup. In 3-loop approximation the calculations were made accurately, without π/ln Q 2 Λ 2 expansion. Though the QCD parameters obtained in this paper strongly differ from conventional ones, its results nowhere disagree with experiment.
In the interesting works [31] [32] [33] the renormgroup was combined with analyticity α s (q 2 ). It should be emphased that the analyticity of α s (q 2 ) is not to be followed from the general principles of the quantum field theory in contrast to the analyticity of the polarization operators.
